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state to a dimerized Peierls phase if the EP coupling strength g is increased. Because the HM is not exactly solvable a number of analytical and numerical methods have been applied (see references in [4] ) to study the phase transition and to analyze the properties of the different phases. In particular, the properties of the insulating phase have been shown to be sensitive to the relation between band-width and EP coupling [5] : a band insulator is found in the adiabatic case ω 0 /t ≪ 1 whereas a polaronic superlattice occurs in the anti-adiabatic limit ω 0 /t ≫ 1.
Recently, we applied the projector-based renormalization method (PRM) [6] to the HM at half-filling where both the metallic and the insulating case has been studied [4, 7] . In this letter we extend our work [4] to discuss in detail the phonon as well as the electronic one-particle excitation spectrum for the different parameter regimes. Most of the work is restricted to the adiabatic limit ω 0 /t ≪ 1 where a phonon softening is found if the EP coupling approaches the critical value g c of the transition. In contrast, a phonon stiffening occurs for ω 0 /t ≫ 1. The most remarkable findings of our present work are the large contributions to the phonon spectrum which are caused by the coupling to electronic particle-hole excitations. Note that presently in the anti-adiabatic limit the insulating phase can not be studied because no stable solutions are found for t ≪ g.
Theoretical approach. -In this letter we use the uniform description of metallic and insulating phases of HM at half-filling which we derived recently [4] . This approach employs the projector-based renormalization method (PRM) [6] where an effective HamiltonianH = lim λ→0 H λ is obtained by a sequence of unitary transformations, H (λ−∆λ) = e X λ,∆λ H λ e −X λ,∆λ , by which transitions between eigenstates of the unperturbed part H 0 of the Hamiltonian caused by the interaction H 1 are eliminated in steps. The respective transition energies are used as renormalization parameter λ. The generator X λ,∆λ of the unitary transformation has to be adjusted in such a way so that H (λ−∆λ) only contains excitations with energies smaller or equal (λ − ∆λ). In this way, an effectively free model,
was found in Ref. [4] which is used here in order to calculate the phonon spectral function,
and to consider the two electronic one-particle spectral functions
In Eq. (2) a reduced Brillouin zone has been introduced on order to allow a dimerization of the system. Therefore, both the fermionic and bosonic one-particle operators as well as the model parameters have additional band indices, α, β = 0, 1. Furthermore, we defined Q = π. In Eq. To evaluate Eqs. (3) and (4) within the PRM approach we use that expectation values are invariant with respect to an unitary transformation under the trace. Thus, B(q, ω), A + k (ω), and A − k (ω) can easily be computed if the phononic and electronic one-particle operators are transformed in the same way as the Hamiltonian (see Ref. [7] for more details). In this way way obtain, for instance,
where terms with two bosonic creation or annihilation operators have been neglected. Thẽ φ q ,η q , andψ k,q are some coefficients determined within the PRM approach. Note that the expressions (3) and (4) fulfill sum rules,
, which also hold if Eq. (5) and the corresponding expressions for A + k (ω) and A − k (ω) are inserted. Furthermore, note that all actual calculations are performed as described in Ref. [4] , and the HM is only considered in the one-dimensional case at half-filling.
Adiabatic Limit. -In the following we want to discuss the results for the one-phonon and one-electron spectral functions, B(q, ω), A + k (ω), and A − k (ω), as defined above in Eqs. (3) and (4) . Let us start with adiabatic limit (ω 0 /t ≪ 1) where our analytical PRM approach provides a reliable theoretical description both for the metallic and for the insulating phase.
In panel (a) of Fig 632 t, belong to the metallic region in the adiabatic limit. Both functions are dominated by the coherent electronic quasi-particle excitation atε k [8] . Furthermore, we find incoherent excitations which are distributed over an energy range of about 2ω 0 around the coherent peaks. Note that no gap occurs at the Fermi level at ω = 0 which clearly indicates the metallic state of the system.
As one can see in panel (b) of Fig. 1 , the frequency behavior of the phonon spectral function B(q, ω) is also dominated by the coherent excitation atω q [8] in this parameter regime. If the EP coupling g is chosen close to the critical value g c of the metal-insulator transition, a strong softening of the coherent excitation atω q can be observed in the adiabatic limit for q values approaching the Brillouin zone boundary Q = π. This phonon softening is caused by the coupling to conduction electrons and has already been discussed in Refs. [4, 7] . In contrast, it will turn out that a phonon hardening occurs in the anti-adiabatic limit. Panel (b) of Fig. 1 shows that the energies of the incoherent excitations are distributed over an energy range of the order of the electronic bandwidth. According to Eq. (5), the energy spreading is caused by the energy differences of electronic particle-hole excitations (ε k+q −ε k ) where k runs over the whole Brillouin zone. From the numerator in Eq. (5) [f (ε k ) − f (ε k+q )] one concludes that eitherε k is smaller andε k+q larger than the Fermi energy or vice versa. In agreement with Fig. 1 , Eq. (5) also shows that the energy range of the incoherent excitations increases with increasing q. Furthermore, due to the absence of an electronic gap in the metallic phase, incoherent excitations with small energies are present for q-values close to q = 0 and q = π.
Next, let us consider the ordered insulating phase in the adiabatic limit, ω 0 /t ≪ 1, where ω 0 = 0.1 t and g = 0.34 t have been chosen. In agreement with our former results [4] , the gap of order∆ ≈ 0.37 t in the electronic excitation spectrum [compare panel [a] of Fig. 2] clearly shows that the system is really in the insulating state. Again the electronic spectral functions A + k (ω) and A − k (ω) are dominated by the coherent excitation atε k , and the spreading of the incoherent excitations is similar to that of the metallic state in the adiabatic limit [compare with panel (a) of Fig. 1 ]. As one can see in panel (b) of Fig. 2 , the spectral weight of the coherent excitation is for the phonon spectral function B(q, ω) again huge in comparison to that of the incoherent excitations. However, it is important to notice a significant difference to the metallic state [compare panel (b) of Fig. 1 ]: In the insulating state no incoherent excitations occur in a low energy regime which corresponds to the gap in the electronic spectrum.
Anti-adiabatic Limit. -Next we want to discuss the anti-adiabatic limit where ω 0 /t ≫ 1 holds. Unfortunately, in this case we are restricted to the metallic case g < g c , because we can not find any stable solution for the insulating phase g > g c within the PRM approach. The reason is that the absolute value of the EP coupling g is too large in this case. As one can see in Ref. [4] , the renormalization equations were derived by starting from an uncorrelated model by successively eliminating high-energy excitations which prevents the application of the PRM scheme for extremely high coupling parameters g. Fig. 3 for the metallic phase in the anti-adiabatic limit, where ω 0 = 4 t and g = 2.82 t have been chosen. Here, the missing gap in the electronic spectrum reveals the metallic state of the system, and the k dependence of the sharp coherent excitation peak corresponds to the dispersionε k of the conduction electrons. The coherent excitation is separated from the incoherent excitations by an energy of the order of ω 0 , i.e. the order of the phonon energy. Here, a renormalized one-electron creation operator c † k (λ) has been used which includes phonon operators only in linear order (see Ref. [7] for details). This coupling leads to the energetic separation of order ω 0 . However, if operator terms with more than a single phonon operator were taken into account additional excitations at higher frequencies (2ω 0 , 3ω 0 , etc.) would appear. This is confirmed by recent ED results of [9] .
The metal-insulator transition in the anti-adiabatic limit can be understood as the formation of small immobile polarons which are electrons surrounded by clouds of phonon excitations. In the PRM approach polarons correspond with fully renormalized electronic quasiparticlesε k . If one compares the renormalized electronic band width for the adiabatic case, which can be read off from the coherent excitation in panel (a) of Fig. 1 , with that of Fig. 3 in the anti-adiabatic case one observes a strong reduction of the band width. This reduction clearly indicates localization tendencies in the system which might allow the determination of the critical EP coupling g c of the metal-insulator transition in the ant-adiabatic limit within our PRM approach [10] .
Panel (b) of Fig. 3 shows the phononic spectral function B(q, ω) in the anti-adiabatic limit. It is important to notice three significant differences to the adiabatic case [compare with panel (a) of Fig. 1 ]: Firstly, the coherent phonon excitation no longer shows a softening behavior, instead an hardening of the phonon modes is observed from a value ω 0 at q = 0 to higher energies for all q > 0. Secondly, the incoherent contributions from particle-hole excitations have gained considerable weight as compared to the adiabatic case [see panel (b) of Fig. 1 ]. The energy range of the incoherent excitations is again of the order of the electronic band width. Finally, a huge elastic contribution is found in B(q, ω) for q = π.
Discussion. -Phononic and electronic spectral functions for the one-dimensional HM at half-filling were recently evaluated in Ref. [9] . In this work, the same parameter values as used here were studied by exact diagonalization techniques (ED) for system sizes of up to 10 lattice sites. The results for the electronic spectral functions A our analytical results in the whole metallic regime. However, in the phonon spectrum two essential differences are found.
In the ED-approach [9] a strong excitation is found at frequency ω = 0 for wave vector q = 0 both in the adiabatic and in the anti-adiabatic case. In contrast, the results in Figs. 1 and 3 show excitations for small q only for finite frequencies ω > 0. This additional zero-frequency peak in Ref. [9] is caused by a different definition of the phonon spectral function. Instead of the commutator spectral function B(q, ω), a phononic correlation function is investigated in [9] 
so that an additional zero-frequency contribution from the center of gravity motion contributes, which is dropped in the commutator spectral function as defined in Eq. (3). The second difference between our results and those of the ED approach of Ref. [9] is more important. It concerns small frequency excitations close to q = π: In the phonon spectrum of [9] almost no small frequency excitations are found in the vicinity of q = π whereas the present PRM approach for B(q = π, ω) in the anti-adiabatic limit gives a strong zero-energy peak at q = π. For a more detailed discussion let us consider Fig. 4 which shows the phonon spectrum for different q-values in the vicinity of q = π [panel (b)]. As follows from (5), the incoherent excitations in B(q, ω) are caused from the coupling of the phonons to electronic particle-hole excitations with energies |ε k+q −ε k | where the wave vector k runs over the whole Brillouin zone. Here, the energiesε k+q andε k have to be below and above the Fermi level. Thus only electronic particle-hole excitations contribute with either |k| < k F and |k + q| > k F or |k| > k F and |k + q| < k F . Note that for q = π this condition is fulfilled for all k-values of the Brillouin zone. Thus incoherent excitations are found in an energy regime of the order of the electronic band width. For q = π the smallest possible energy difference |ε k+q −ε k | is the same as the energy difference of two neighboring k points around k F with the smallest possible distance in k-space. Since this distance is of order 1/N , for a small system size the smallest possible energy difference might be not small. This finite size effect might explain the absence of low-energy excitations in the phonon spectrum of Ref. [9] close to the Brillouin-zone boundary (where only system sizes of order N=10 have been considered). Note that we could confirm this mechanism within our PRM approach: If we reduce the system size from 500 to 66 lattice sites the low-frequency peak in B(q = π, ω) is almost completely suppressed, and its position is shifted to higher energies.
Finally, let us also discuss the case of small q-values q ≪ π. Note that in this case only k values from the sum in (5) can contribute which are located in a small wave vector region around the Fermi momentum k F . By using a linear momentum dependence for energies close to Fermi energy, the incoherent electronic excitation energies can be replaced by |ε k+q −ε k | ≈ v F q (where v F is the Fermi velocity). Thus, for small q the position of the incoherent excitations is proportional to q, as can be seen in panel (a) of Fig. 4 . On the same time the intensity of the incoherent peak is approximately q independent which follows again from (5): The linear q dependence of the denominator is canceled by the number of contributing k points which is also proportional to q so that an approximately q independent intensity results.
Summary. -In this paper we have considered the phononic and electronic spectral functions of the one-dimensional HM at filling. In particular, we have studied the spectral signatures of the metallic phase both in the adiabatic and the anti-adiabatic limit, and of the insulating phase in the adiabatic limit. (The insulating state could not be investigated in the anti-adiabatic limit because the employed PRM approach breaks down in this case.) We find a quite strong coupling of the phonon dynamics to electronic particle-hole excitation which leads to incoherent contributions to the phononic spectral function. In particular, a dominant incoherent low-energy peak is observed for the metallic phase in the anti-adiabatic limit. * * *
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